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Abstract-This paper investigates the existence of global solutions for initial value problems 
of the nonlinear integrodifferential equations in Banach spaces. We obtain the existence of global 
solutions by Schauder’s fixed-point theorem. Our results are the generalizations and improvements of 
recent results. As applications of our results, the existence of global solutions of two classes of third- 
order mixed boundary value problem is obtained, and an example of infinite system for nonlinear 
integrodifferential equations is worked out to illustrate our main results. @ 2004 Elsevier Ltd. All 
rights reserved. 
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1. INTRODUCTION 
Throughout this paper, (E, 11 11) d eno es a real Banach space. Let J = [0, a] (a > 0), ug E E, t 
and f E C[.J x E x E x E, E]. Now, consider the following nonlinear integrodifferential equation 
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of mixed type for initial value problem (IVP) in E: 
u’ = f(t, u, Tu, Su), t E J, 
40) = uo, 
(1.1) 
in which 
s 
t 
Tu(t) = Ic(t, s)u(s) ds, Su(t) = 
s 
a h(t, s)u(s) cis, t E J, (1.2) 
0 0 
where k E C[D,R], h E C[Do,R], D = {(t,s) E R2 : 0 5 s < t 5 a}, DO = {(t,s) E R2 : 0 5 
t,s I a}, ko = max{]k(t,s)] : (t,s) E D}, ho = max{]h(t,s)] : (t,s) E DO}, R denotes the set of 
real numbers. 
Nonlinear integrodifferential equations arise from many nonlinear problems in science (see [ 11). 
There are many papers concerning global or iterative solutions of IVP (l.l), please refer to [2-61. 
In [2], Guo obtained at least one global solution of IVP (1.1) by Darbo’s fixed-point theorem 
under some stronger conditions. Recently, Liu [5] established the existence of global solutions 
of IVP (1.1) by Month’s fixed-point theorem with stronger conditions. In the case where f = 
f (t, U, U, Tu, Su), Liu [6] investigated this existence of iterative solutions, coupled minimal and 
maximal quasi-solutions and iterative approximations of the unique solution for IVP (1.1) by 
means of the iterative technique with coupled quasi-upper and quasi-lower solutions. On the other 
hand, as we know that is difficult to establish a comparison result for higher-order differential 
equations, the problem of searching global solutions for IVP (1.1) is an interesting and important 
question. The purpose of this paper is to study this problem continuously. We shall use an 
utterly different method from those in [2,5] to investigate global solutions for IVP (1.1). The 
results obtained in this paper generalize and improve the related results in [2,5]. 
As applications of our results, under the proper conditions, we obtain the global solutions in 
C3[J, E] of the following two classes of third-order mixed boundary value problem (MBVP): 
X “’ = f (t,x”,x)) o<t<1, 
cYlX(0) + cQx’(0) = 8, 
Ax(l) +/32x’(1) = 0, 
(1) 
x”(0) = x0, 
X “’ = f (t,d’,d,x), o<t<1, 
x’(0) = 8, 
/Ax(l) +/32x’(1) = 8, 
(11) 
x”(0) = x0. 
This paper is organized as follows. In Section 2, we give some preliminaries and establish 
several lemmas, and the main theorems are formulated and proved in Section 3. Finally, in 
Section 4, the existence of global solutions of two classes of third-order mixed boundary value 
problem is proved, and an example of infinite system for nonlinear integrodifferential equations 
is worked out to illustrate our results. 
2. PRELIMINARIES AND LEMMAS 
Let C[J, E] denote the Banach space of all continuous mapping U: J --f E with norm ]]u](, = 
maxtEJ Ilu(t) C’[J, E] denotes the Banach space of all u E C[J, E] such that u’(t) is continuous 
on J. For any B c C[J, E], t E J, let 
B(t) = {u(t) : u E B} c E, B(J) = {u(t) : u E B, t E J} c E, 
(TB)(t) = { 1’ k(t, s)u(s) ds : u E B} , (SB)(t) = { Ia h(t, s)u(s) ds : u E B} , 
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(TB)(J) = { 1’ Ic(t, s)u(s) ds : u E B, t E J} , 
(SB)(J) = { Ia qt, s)u(s) ds : u E B, t E J} 
For any R > 0, let TR = {ZE E E : 11~11 5 R}, BR = {u E C[J, E] : 11~ll, 5 R}. Let us list the 
following condition for convenience. 
(H) For any R > 0, f is uniformly continuous on J x TR x TR x TR, and there exist L, > 
0 (i = 1,2,3) such that for any bounded set Bi C E (i = 1,2,3) and t E J, 
DEFINITION 2.1. (See [7,8].) Let S be a bounded set of E. Let a(S) = inf{b > 0 : S can be 
expressed as the union of a finite number of sets such that the diameter of each set does not 
exceed 6, i.e., S = Uz”=, S, with diam(S,) 5 b, i = 1,2,. ,m}, a(S) is called the Kuratowski 
measure of noncompactness of set S. Clearly, 0 5 0(S) < 03. 
For more properties on the Kuratowski measure of noncompactness, please see [7,8]. Without 
confusion, let a denote the Kuratowski measure of noncompactness in E and C[J, E]. 
LEMMA 2.1. Let B c C[J, E] be equicontinuous, then mB c C[J, E] is also equicqntinuous 
(where mB denotes the closed convex hull of B). 
PROOF. By the equicontinuity of B, for any E > 0, there is a 6 > 0 such that It - t’( < b implies 
1144 - Wll < ;7 x E B. (2.2) 
For any u E GFB, there is a vk E co B such that 
llvk - VII, < ;. (2.3) 
Let vk = cT$ c~z(~)vJ~), where aJk) 2 0, cy& az(‘) = 1, vjk) E B (i = 1,2,. , nk). Hence, for 
any tl, t2 E J, ItI - t~l < 6 and v E i5B, by (2.2) and (2.3), we have 
112, (tl) - ‘IJ (t2)ll 5 I/‘u (tl) - vk (tl)/l + llz’k (tl) - ‘uk (t2)ll + bk (t2) - 2, (hi1 
5 2 IIV - ‘l&l,, + gajk’ Ilvjk) ctl) - dk) (t2)i/ 
which implies mB is equicontinuous. 
LEMMA 2.2. (See (31.) Let B c C[J,E] be bounded and equicontinuous. Then a(B(t)) is 
continuous on J and 
LEMMA 2.3. u E C’[J,E] . IS a solution of IVP (1.1) iff u E C[J, E] is a solution of the following 
integral equation: 
u(t) = Au(t), t E J, (2.4) 
where 
J 
t 
Au(t) = u. + f(s, u(s), Vu)(s), (su)(s)) ds. (2.5) 
0 
By direct verification, we can prove Lemma 2.3 easily, so we omit it. 
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LEMMA 2.4. (See 191.) Assume for all R > 0, f is uniformly continuous on J x TR x TR x 
TR, B c C[J,E] is equicontinuous and bounded, then {f(t,u(t), (Tu)(~), (L%)(t)) : u E B} is 
equicontinuous and bounded in C[ J, E]. 
LEMMA 2.5. Assume (H) holds. Then operator A defined by (2.5) is continuous and bounded 
mapping C[J, E] into C[J, E]. A4 oreover, there exist a positive integer no and 0 < X < 1, such 
that for all bounded sets B c C[J, E], 
a (““O(B)) 5 k(B), (2.6) 
where 
a’(B) = A(B), a”(B) = A (m (A”-‘(B))), n = 2,3,. . . (2.7) 
PROOF. Since f is uniformly continuous on J x TR x TR x TR, we can see easily A : C[J, E] --+ 
C[J, E] is continuous and bounded, and for any bounded sets Hi c E (i = 1,2,3), 
(r(f(JxH1xHzxH3))= yEy4f (t,Hl,Hs,Ha)) I -&Hi). (2.8) 
i=l 
For any bounded set B c C[J, E], by the definition of operator A and f is equicontinuous, 
we get A(B) is bounded and equicontinuous on J. Hence, we know from Lemma 2.1 and (2.7), 
a”(B) (n = 1,2, ) is bounded and equicontinuous, and therefore, 
Q (a”(B)) = yyy (~“(B)(t)) , n=1,2 > . (2.9) 
Using the formula . 
J 
a 
u(s) ds E am{u(s) : s E J}, for u E C[J, E], 
0 
we have 
(J 
t a k(t, s)u(s) ds : u E B, t E J 
0 > 
< a/c&u(t) : t E J, u E B) 
(2.10) 
I ako+(J)), a o! (s h(t, s)u(s) ds : u E B, t E J 5 ahoa(u(t) : t E J, u E B) 0 > (2.11) 
I ah043 J)). 
It follows from (2.8)-(2.11) and (H) that 
Q (A’(B)(t)) = 44Wt)) 
=4J t f (s, B(s), (TB)(s), (SB)(s)) ds 0 > 
5 ta (m If (s, B(s), (TB)(s), (SB)(s)) : s E 1% tl)) 
I ta (m {f (s, B(s), (TB)(s), (SB)(s)) : s E Jl) (2.12) 
I Wf(J x B(J) x (TB)(J) x (W(J))) 
I t &4B(J)) + h((TB)(J)) + &4(SB)(J))) 
I t (Ll + akoL2 + ahoL3) a(B( J)) 
=L t.&(S), t E J, 
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where L = Lr +akeL~ +&&a, S 7 B(J). F or any given E > 0, there is a partition B = Uy=“=, B, 
such that 
diam (Bj) < a(B) + :, j=1,2 )...) 72. (2.13) 
Choosing x3 E Bj (j = 1,2,. . , n) and a partition of J : 0 = to < tl < < t, = a such that 
foranyt,sEJi=[ti-r,ti] (j-1,2 ,..., n,i=1,2 ,..., m),wehave 
h(t) - Xj(S)II < ;. (2.14) 
Obviously, S = lJL”=, lJ,“=, Si3, where Sij = {X(S) : s E Ji, x E Bj}. For any two U,V E St3, we 
have ‘1~ = x(t), w = y(s) f or some t, s E Ji and 5, y E Bj. It follows from (2.12) and (2.13) that 
Consequently, 
ll” - vII 5 IlsCt) - zj(t)ll + llsj@) - zj(s)II + Ilzj(s) - Y(s)ll 
5 112 - Xjllc + i + IIXj - Yllc 
5 2 diam (Bj) + % < 2a(B) + E. 
diam (S,j) 5 2a(B) + E, i= 1,2 ,..., m, j = 1,2 )...) 72, 
and so a(S) 5 24B) + E, which implies, since E > 0 is arbitrary. 
a(S) < 24B). (2.15) 
By (2.12) and (2.15), we obtain 
a (ii(B)(t)) 5 2tLa(B), t E J. (2.16) 
Since a’(B) = A(B) 1s e q uicontinuous and f is uniformly continuous, we get by Lemma 2.1 and 
Lemma 2.4 
f (~7 (m (“‘(B))) (~1, (T (m (“‘(B)))) (~1, (8 (m (~‘W))) (~1) 
is equicontinuous on J. Note, (~F(al(B)))(s) = m((Al(B))(s)) and by Lemma 2.2 and (2.12), 
we have 
Q ((A”(B)) (t)) 
5 ~LQ((=(A’(B))) (4) ds 
= ~Lo ((/i’(B)) (s)) ds 
J 
t 5 2L2scx(B) ds 
0 
2LV 
= ,!4B)> t E J. 
By the method of mathematical induction, we have 
Q: ((A”(B)) (t)) I ya(B) 5 ya(B), t E J, n = 1,2,. , 
hence, 
a ((A”(B))) = yGy (k(B)) (t) < y,(B). 
From 2L2a”/n! + 0 (n + oo), there exist 0 < X < 1 and a positive integer no, such that 
cy(ano (B)) < Xcx(B). By now, we complete the proof. 
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3. MAIN RESULTS 
In this section, we give the existence of global solutions for IVP (1.1). For any R > 0, set 
M(R) = suP{Ilf(t,GY,z)ll : (t,GY,Z) E J X TR X TR X TR). 
THEOREM 3.1. Let E be a real Banach space. Assume Condition (H) holds and 
M(R) lim sup - 
R-+m R 
< (W-l, (3.1) 
where ae = max{l,alco, aha}. Then IVP (1.1) has at least one solution in C[J, E]. 
PROOF. We divide the proof into three steps. 
STEP 1. We shall first prove there exists R* > 0 such that A : B(R*) --+ B(R*) is continuous 
and bounded. On account of (3.1), there exist 0 < r < (aa~)-~ and RI > 0 such that for all 
R 2 acRi , we have 
M(R) <T - . 
R (3.2) 
Let R’ = max{Ri, ]]uc]](l - raue)-l}. Then for any u E B(P), we have 
114 I R* I aoR*, 
Hence, by (2.5) we have 
IIA’1~llc I Il~oll + d~(aoR*) I lluoll + aao~R* I R*, 
which implies A: B(R*) + B(R*) is continuous and bounded by Lemma 2.5. 
STEP 2. For any bounded set B c B(R*), by Lemma 2.5, we know (2.6) is valid. Let Bo = 
B(R*), B1 = m(~““(Bo)), . . . , B, = CC(~“~(B,-~)) (n = 2,3,. . .). We claim the following. 
(i) Bo>B~>B:!>...>B,-~>B,...; 
(ii) lim n+m a(&) = 0. 
In fact, by (2.7), we have B1 = CT(~~‘J(BO)) c B(R’) = Bo, so, ano c ano( and 
therefore, Bz = m(ano(B1)) c ~~(a~o(Bo)) = B1. By induction, we get B, c B,-1 (n = 
1,2 ,... ). Hence, 
a(B,) = a (m (iin0 (Bn-l))) 5 Xo (Bn-l) 
5 ... 5 Xna(Bo) -+ 0, n + 00. 
It follows from Exercise 7.4 of [7] that B = nr=“=, B, is a nonempty compact and convex set in 
B(R*). 
STEP 3. Finally, we will prove the operator A has one fixed point in B. We first prove 
A (64 c Bn, n = 0, I, 2, 
Since ..d’(Bo) = A(Bo) c Bo, we get FC(a’(Bo)) c Bo = B(R*), and therefore, 
ii2 (Bo) = A (F (“’ (Bo))) c A(Bo) = ii1 (Bo), 
a3 (Bo) = A (m (/i’ (Bo)) ) c A (m (“’ (Bo))) = ii2 (Bo) , 
(3.3) 
iin0 (Bo) = A (m (An”-’ (Bo))) c A (m (@-’ (Bo))) = z@“-l (Bo) , 
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hence, 
B1 = co (ano (Bo)) c ET (w (BO)) , 
it follows from (2.7) that A(B1) c A(i~~(,d’@-l (Bo))) = ano c ?ti(ano(Bo)) = B1. By the 
same argument, we can prove A(B,) c B, (n = 2,3,. ). By (3.3), we get 
A(B) = fi A(B,) c fi B, = B. 
n=O n=O 
By the well-known Schauder’s fixed-point theorem, we can see A has at least one fixed point x* 
in l!? c B(R*), i.e., IVP (1.1) h as at least one solution z* in B c B(R*). Thus, the proof is 
completed. 
REMARK 3.1. While studying the same IVP (l.l), Guo [2] used the following condition. 
(A) For any bounded, U, V, W c E and t E J 
0, (.f(t, u, v, W)) I LlcqJ) + J524V) + L34W), 
where L, > 0 (i = 1,2,3) are constants, which satisfy 
2a (L1 + akoLz + ahoL3) < 1. (3.4) 
Evidently, we delete (3.4) completely in our theorem. 
REMARK 3.2. Generally speaking, the operator A defined by (2.5) is not a strict set contraction, 
therefore, the results of this paper cannot be obtained by the method used in [2]. 
REMARK 3.3. When studying the same IVP (l.l), Liu [5] required the following strict compact- 
ness type condition. 
(B) For any countable equicontinuous bounded set B c C[J, E], and t E J 
0 (f (4 B(t), (TB)(t), (SW))) 5 LIQ (B(t)) + -ha (@‘B)(t)) + L3a ((SB)(t)) , 
where Li > 0 (i = 1,2,3) are constants satisfying one of the following two conditions: 
(a) uhOLg(eza(L1+akoLz) - 1) < L1 + alcol~; 
(b) a(2L1 + alcoLa + uhoL3) < 1. 
Notice that we do not require Conditions (a) and (b) in our paper at all. 
4. APPLICATIONS TO THIRD-ORDER 
MIXED BOUNDARY VALUE PROBLEMS 
As applications of Theorem 3.1, we obtain the global solutions of two classes of third-order 
mixed boundary value problem. 
First, consider the third-order MBVP (I) m a Banach space. Suppose CY; +cri > 0, /?f + ,6$ > 0, 
n = ai,& + cyrp2 - CQ,& # 0, f E C[J x E x E, E]. Let x” = u, then we have 
s 
1 
x(t) = h(t, s)u(s) ds 5 (a%)(t), t E J = [O,l], 
0 
where h(t, s) is the Green function of the following boundary value problem: 
x” = 8, 
cqx(0) + a2x’(O) = 8, 
PlX(1) + P@‘(l) = 8. 
Then MBVP (I) can be regarded as an IVP of the following first-order integrodifferential equation: 
u’ = f(t, u, Su), 
u(0) = x0. 
For any R > 0, let Ml(R) = sup{]]f(t,z, y)]] : (t,x, y) E J x TR x TR}. The conclusion of the 
following Theorem 4.1 follows from Theorem 3.1. 
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THEOREM 4.1. Suppose that f E C[J x E x E, E] satisfies the following conditions. 
(Cl) limwR+m(Ml(R)/R) < l/mdl, ho). 
(Cz) For any R > 0, f is uniformly continuous on J x TR x TR, and there exist nonnegative 
constants Li (i = 1,3) such that for any bounded subsets Bi c E (i = 1,3) and t E J 
Q (f (4 4, Bz)) I ha (BI) + L3a (B3). 
Then MBVP (1) has at least a global solution in C3[J, E]. 
Second, consider the third-order MBVP (II) in a Banach space. Suppose /?I # 0, crl = P, 
cy2 = 1, A = -,& # 0. Let x” = u, then we have 
s 
t 
x'(t) = u(s) ds E (Tu)(t), q&s) E 1, o<s<t<1, 
0 
s 
1 
x(t) = h(t, s)u(s) ds E (h)(t), t E J, 
0 
where h(t, s) is the same as above. Then MBVP (II) can be regarded as an IVP of the following 
first-order integrodifferential equation: 
u’ = f (t, u, Tu, Su), t E J= [O,l], 
u(0) = x0. 
The conclusion of the following Theorem 4.2 follows from Theorem 3.1. 
THEOREM 4.2. Let f E C[J x E x E x E, E] satisfy condition (H) and the following conditions: 
limsup 9 < ,,tl ho), 
R--+03 , 
where M(R) is defined as above. Then MBVP (II) h as at least a global solution in C3[J, E] 
EXAMPLE. Consider the IVP of infinite system for scalar integrodifferential equations 
u:, = - ;“o”, [(t” - l&J2 + t%J:+,] 1’5 + ; 
(S 
1 
sin(1 - s)7ru~,(s) ds , 
0 > 
[t - (I e-%,Js)ds)‘] 1’3 
t E [O, 11, (4.1) 
h(O) = $3 72=1,2,.... 
Evidently, u(t) = (O,O,. . . ,O,. . .) is not a solution of system (4.1). 
CONCLUSION. System (4.1) has at least one nontrivial solution 
which is continuously differentiable on [0, l] and xi(t) + 0 (n -+ co). 
PROOF. Let a = 1, E = CO = {u = (ul,uz,. ,u,, . .) : un + 0}, with norm jlull = 
supn Iu,I. Then system (4.1) can be regarded as an IVP of the form (1.1) in E. In this sit- 
uation, uo = (1, 1/22,. , l/7x2,. .), k(t,s) = ees, h(t,s) = sin(1 - s)~, u = (ul,. ,u,, .), 
5 = (Xl,. ,x,, . ),Y’=(YI, . . . . yn ,... ),f=(fl,... ,.L...),and 
fn(kU,XrY) = & [(t' - WI)2 + t2u;+,] 1'5 + & [t - xi] 1'3 + Gyn. (4.2) 
Existence Theorems of Global Solutions 21 
It follows from (4.2) that 
Ifn(4 K 5, Y)I I & [Cl + 114)2 + 11413] 1’5 + & [l + Ilxll”] 1’3 + ~llvll, (4.3) 
hence, 
lf(t,%z,Y)I 5 ; [(l + 11~11)” + llul13]1’5 + $ [l + 112112]1’3 + ~llyll. 
Therefore, for any R > 0, we get 
M(R) I $ [(l + R)2 + R3]1’5 + ; [l + R2] 1’3 + ;R. (4.4 
Obviously, f is uniformly continuous on J x TR x TR x TR and Ice = he = ae = 1. By (4.4), we 
get 
limsup F zz i < ((&7,0)-l = 1. 
R+CX 
Let f(l) = (fil’ ,..., jt’,... )andf(2)=(f1(2) ,..., fA2) ,... ),inwhich 
p(t, % 5, Y) = g [ (t2 - u?J2 + t2u;,,] 
115 
+ & (t - x2) 1’3 ! (4.5) 
t5 
f7$2’(t3 % 2351) = sYn. (4.6) 
From (4.2), (4.5), and (4.6), we see that fn = f?’ + jA2’, and so, f = f(l) + f(‘). Let R > 0 be 
arbitrarily given, and let 
{ucm)}, {x’~)}, {Y’~‘} C TR, 
,b) = )... ) dm) = cp, . ) xp, , 
. . , yy )... (m= 1,2,...). 
By virtue of (4.5), we have 
I ( 
f(l) 
n 
tb), $4, &d, y(m) >I 5 & [(1+R)2+R3]1’5+& [1+R2]1’3, (4,7) 
n,m= 1,2 ,.... 
Therefore, {fc)(t(m), u(~), x(~), y(“))} ’ is b ounded, and so, by diagonal method, we can choose 
a subsequence {mi} c {m} such that 
f;) (tcm’), ucmz), Jmi), ycmi)) -3 w,, as i + 00, n = 1,2,. (4.8) 
Now, (4.7) and (4.8) imply 
Iw,I I & [(l + R)2 + R3]1’5 + $ [l + R2]1’3, n=1,2 , (4.9) 
so, w = (WI )...) w,,.. .) E CO = E, and it is easy to see from (4.7)-(4.9) that 
II ( 
f(l) t(m,),u(m’),z(m’),y(~,) 
> /I 
-w 
= sup f(l) 
n I ( 
n t(m~),2L(m~),z(m~),y(m,) > I 
_ w, + 0, i + cm. 
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Thus, we have proved that 
> = 0, for any B, c TR, i = 1,2,3. 
On the other hand, it is easy to see from (4.6) that 
a (fc2’ (4 BI, Bz, B3)) I ;a (B3), for any Bi C TR, i = 1,2,3. 
(4.10) 
(4.11) 
Hence, (4.10) and (4.11) imply that 
Q (f (J, BI, Bz, &)) I ;a (B3), for any Bi c TR, i = 1,2,3, 
which shows that Condition (H) is satisfied for L1 = L2 = 0, L3 = l/2. Hence, our conclusion 
follows from Theorem 3.1 immediately. 
REMARK 4.1. In this example, 2a(L1+ c&Lz + ahoL3) = 1, so (3.4) is not satisfied. Therefore, 
this example cannot be solved by [2]. 
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